We are investigating universal relations between different normalisations of the moment of inertia and the compactness of neutron stars in slow rotation approximation. We study the relations in particular class of massive scalar-sensor theories with self-interaction, for which significant deviations from General Relativity are allowed for values of the parameters that are in agreement with the observations. Moment of inertia-compactness relations are examined for different normalisation of the moment of inertia. It is shown that for all studied cases the deviations from EOS universality are small for the examined equations of state. On the other hand the scalarization can lead to large deviations from the general relativistic universal relations for values of the parameters that are in agreement with the current observations that can be potentially used to set further test the scalar-tensor theories.
I. INTRODUCTION
The recent direct observations of gravitational waves mark the beginning of new branch in astronomy -gravitational wave astronomy [1] [2] [3] [4] [5] [6] . With the upcoming start of the next generation gravitational wave detectors and radio astronomy observatories, which will greatly extend the astrophysical phenomena that can be detected, the prospects in front of astrophysics look ever so promising. On another front, one of the most important challenges modern astrophysics faces today is to provide answer what causes the observed accelerated expansion of the Universe. The attempts in solving this problem can be summarized into two main ways. One is the introduction of a new type of matter with exotic properties, which manifests itself only via gravitational interaction with visible matter. The other alternative way is to construct generalized gravitational field theory, which admits GR as weak field approximation on astrophysical scales, but manifests itself in qualitatively different way on cosmological scales and possibly in the strong field regime.
The area of research of alternative theories of gravity is very active and many different attempts to generalize the Einstein's theory have been made, but only small portion of them can pass all observational tests. One such class of theories presents an natural cosmological and astrophysical generalization of GR -scalar-tensor theories of gravity (STT) [7] [8] [9] [10] [11] , in which a scalar field is included as an additional mediator of the gravitational interaction, apart from the spacetime metric. The presented subclasses of STT, with an Einstein frame coupling function of the form α(ϕ) = βϕ, are of particular interest, due the fact that they are indistinguishable from GR in the weak field regime, but show nonperturbative effect -spontaneous scalarization [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , in which large deviations from GR are observed, in the strong field regime, e.g. in the gravitational field of compact objects like neutron stars (NS). The structure, properties, and physical effects of NSs in such classes of STT were extensively studied in the past decades (see e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] ) both in the static and rapidly rotating cases. A few years ago particular interest attracted the STT with massive scalar field [21, [24] [25] [26] due to the possibilities for much larger deviations from GR compared to the massless case within the observationally allowed values of the parameters.
Current observations of binary systems constrain significantly the parameter space of massless STT to β −4.5 [27] [28] [29] . For such values of β no significant deviation from pure GR is observed as far as static neutron stars are considered. The situation changes if we extend the study to STT with a massive scalar field since for a mass m ϕ one can assign a Compton wave-length λ ϕ = 2π/m ϕ beyond which the scalar field is exponentially suppressed. For this reason, as shown in [25] , the observationally allowed values for β can significantly differ from the massless STT and NS can have considerably different properties and structure (see e.g. [20, 21, [24] [25] [26] ). The inclusion of an additional quartic self-interaction term in the potential suppresses further the scalarization effect and thus can reconcile even a wider range of values of the parameters with the observations. STT with a self-interacting massive scalar field is specified by three free parameters -the coupling coefficient β, the scalar field mass m ϕ and the selfinteraction coefficient λ. In certain observationally allowed ranges of the parameters (β, m ϕ , λ) the NS models can have considerably distinct structure compared to GR [30] .
A large number of alternative theories of gravity lead either to negligible effects on the NS properties, or the effects fall well within the equations of the state (EOS) uncertainty for the matter in the star, that is a drawback in the attempts to constrain the strong field regime of gravity. The large uncertainty in the EOS on one hand is due to our poor understanding of the fundamental interactions that take place at the extreme densities found in the core of NS, and on the other hand -the lack of enough accurate observational data or the lack of unique interpretation of these data. In order to successfully constrain EOS, observations of the neutron star mass, radius, moment of inertia or tidal Love numbers are normally employed, but currently this is done either with limited accuracy or only a few astrophysical objects with the desired properties are observed (see e.g. [31] [32] [33] ). Since binary NSs are one of the most promising sources of gravitational waves, it is expected that the constraints on the EOS will be quickly improved due to the rapid advance in the gravitational wave astronomy [34] [35] [36] [37] [38] .
Workaround for the EOS uncertainty is to use independent, from the EOS, relations of stellar parameters, the so called universal relations. One of the first construction of such relations which involve the NS oscillation frequencies on one hand and the neutron star mass and radius on the other, was made in [39] [40] [41] . Later, these studies have been extended with inclusion of additional realistic EOS [42] . In a recent work Lau et. al. [43] exchanged the compactness with an "effective compactness" η ≡ √ M 3 /I with the purpose of achieving better EOS independence. In [44] one can also find nice investigation of the above mentioned relations and comments on their universality. Another promising universal relations was found by Yagi and Yunes [45, 46] which connects the normalized moment of inertiaĪ, the tidal Love numbers, and the normalized quadrupole momentQ. This relation was thoroughly investigated in following years in many papers (see e.g. [47] [48] [49] [50] [51] [52] [53] [54] ).
The study of different universal relations in alternative theories of gravity has proven to be very fruitful (see e.g. [46, [55] [56] [57] [58] [59] [60] ). In some cases clear distinction with GR can be observed that serves as a way to constrain the strong field regime of gravity in an EOS independent way while in other cases the results are not only to some degree EOS independent, but up to a large extend theory independent too. In the latter case one can use the universal relations to determine the NS parameters without any arbitrariness.
A particularly interesting application of the universal relations between normalized moment of inertia and the stellar compactness was employed by Lattimer and Schutz [31] , where they point out the possibility to estimate the NS radius by using the mass and the moment of inertia of a pulsar in binary system. In recent paper Breu and Rezzolla [61] thoroughly investigate such relations and comment on their application. Following their work Staykov et al [62] extended the study by looking at universal relations between normalized moment of inertia and stellar compactness in GR, (R) and STT theories of gravity.
The paper is organized as follows. In Section II we review the basic theoretical background behind the calculation of neutron star models in STT with massive self-interacting scalar field. In Section III the numerical results are presented. The paper ends with Conclusions.
II. ANALYTICAL BASIS
We will adopt the well established in the literature way of examining STT theories by writing out the field equations here in the more convenient non-physical Einstein frame, which is specified with metric g µν , but we will present the results in following sections in the physical Jordan frame, which is specified with metric * g µν . The two metrics are connected with conformal transformation * g µν = A 2 (ϕ)g µν , were the Einstein frame scalar field is denoted by ϕ. As a rule we will use superscript star * to note quantities in Jordan frame. The general form of the action of STT in the Einstein frame is given as
where R is the Ricci scalar curvature with respect to g µν . The STT is fully specified by the functions A(ϕ) and V(ϕ).
In the present paper we will restrict our study to STT with conformal factor of the form
where β is a parameter. This class of STT is indistinguishable from pure GR in the weak field regime, while exhibiting nonperturbative effects for strong fields. We will adopt a natural non-negative scalar potential with self-interaction
where m ϕ is the mass of the scalar field ϕ and λ ≥ 0 is the self-interaction parameter with dimensions length −2 . The field equations that follow from (1) are
where ∇ µ is the covariant derivative with respect to g µν , the coupling function α(ϕ) is defined via the conformal fac-
, and T is the trace of the energy-momentum tensor. Using the field equations and the contracted Bianchi identities we derive the conservation law of the energy-momentum tensor in the Einstein frame:
The Einstein frame energy-momentum tensor T µν and the Jordan frame one * T µν are related in the following way T µν = A 2 (ϕ) * T µν . We will consider stationary and axisymmetric perfect fluid and scalar field configurations, for which the transformation of the energy density ρ, the pressure p and the 4-velocity u µ between the Einstein and the Jordan frame are given as follows:
Our metric ansatz is the standard one for stationary and axisymmetric spacetime in the slow rotation approximation [63] :
Since the rotational corrections to the metric functions (except for ω(r, θ)), the scalar field, the fluid energy density and the pressure are of order O(Ω 2 ), where Ω = u ϑ /u t is the angular velocity, this approximation allows us to calculate the moment of inertia of the star, while the rest parameters, such as the mass and the radius, will coincide with the static case.
To obtain the results in the present paper, we solve numerically the dimensionally reduced ODE system derived from eqs. (4) and (5) with the metric ansatz (8) by containing at most terms linear in Ω and supplementing it with the equation for hydrostatic equilibrium and an EOS. Further details on the mathematical formulation of the problem one can find in [30, 64, 65] .
In the next section, where we present our numerical results, we shall use dimensionless parameters m ϕ → m ϕ R 0 and λ → λR 2 0 , where R 0 = 1.47664km is one half of the solar gravitational radius.
III. NUMERICAL RESULTS

A. Preliminaries
As discussed earlier, STT with self-interacting massive scalar field with conformal factor A(ϕ) = e βϕ 2 /2 has three free parameters -(β, m ϕ , λ) and for different sets of values, it has varying degrees of development of spontaneous scalarization. Namely, decreasing the value of β < 0 increases the deviations from GR, while the increase of either m ϕ or λ suppresses them [30] . The constraints on the parameter space are derived after confronting against the observations of the gradual orbit contraction of binary pulsars due to the gravitational wave emission and the strongest constraints come from [28, 29] . The present data on the rate of orbital decay matches very well the GR predictions, which suggests non or negligible scalar gravitational radiation, and thus non or very weak scalarization effect. As result, for the massless STT, (β, m ϕ = 0, λ = 0), the observationally allowed values of β > −4.5 are such that possibility only for small deviations from GR is left, since spontaneous scalarization occurs roughly for β < −4.35 [13, 15] and β < −3.9 [19] for the static and the rapidly rotating cases correspondingly.
If, however, one considers STT with massive scalar field, (β, m ϕ , λ = 0), the parameter space that is in agreement with the same binary observations is substantially expanded. The reason is that the mass of the scalar field suppresses the emission of scalar radiation, which reconciles already discarded values of β. The lower boundary of the scalar field mass can be estimated using the distance between the two companions r b as follows: a negligible scalar gravitational radiation implies that the Compton wavelength should be much smaller than the orbital separation λ ϕ r b , which for the observed binaries r b ∼ 10 9 m translates into m ϕ 10 −16 eV. The upper limit is calculated by the condition that the mass of the scalar filed should be such that it does not suppress the spontaneous scalarization in the stars, i.e. the characteristic length of the star should be smaller than the Compton wavelength, which leads to m ϕ 10 −9 eV. Thus, we will work with the following range of values for m ϕ :
or in dimensionless units 10 −6 m ϕ 10. Although, there are additional midrange constraints for the mass of the scalar field, the above ones are most reliable and we will stick to them. For such scalar field masses the observationally allowed ranges of values for β significantly increases compared to the massless case, more precisely 3 −β 10 3 coming from the requirement that we can have scalarized NS, but no scalarization for white dwarfs.
The allowed range of parameters extends even further, as shown in [30] , if we consider STT with self-interacting massive scalar field, (β, m ϕ , λ). In such STT the scalarization is suppressed further by the self-interaction term and up to a large extent the self-interaction constant λ in (3) has qualitatively very similar effect on the NS properties as the scalar field mass. The main difference comes from the fact that the self-interaction does not change (for fixed mass of the scalar field) the critical values of the parameters where new branches of scalarized solutions originate from the GR ones, while the mass of the scalar field changes these bifurcation points.
In this paper we will set β = −6, similar to [21, 24, 25, 30] , as it is a moderate value for which big enough deviation from GR is observed. We will use massless STT, (β = −6, m ϕ = 0, λ = 0) and STT with massive scalar field with dimensionless masses (β = −6, m ϕ = {5 × 10 −3 , 5 × 10 −2 }, λ = 0), which fall well within the range given by eq. (9) and for the chosen β present very well the influence of the mass. We will use massless STT with selfinteraction with dimensionless set of values (β = −6, m ϕ = 0, λ = {0.1, 1, 10}) and STT with massive self-interacting scalar field with set of values (β = −6, m ϕ = {5 × 10 −3 , 5 × 10 −2 }, λ = {0.1, 1, 10}).
In this study we are using the piecewise polytropic approximation of several EOS [66] . They are chosen in such a way in order to cover a wide variety of theoretical approaches such as nuclear many body approach, e.g. APR, relativistic mean field theory approach, e.g. SLy, and others. Similar to [62] , we also include softer EOS already excluded by the observations of two solar mass neutron stars because in STT under certain initial conditions the maximum mass can reach, even exceed, this observational limit due to scalarization effect. In addition, considering a very wide set of EOS, even if they are excluded from the observations, can give us a more profound insight whether the observed EOS universality is due to the limited set of chosen EOS or is indeed an intrinsic feature of the theory.
In Fig. 1 we are plotting two mass-radius-relations: in the left pane all the EOS employed in the present study are shown for pure GR only; in the right panel only representative EOS are used -stiff (MPA1), moderate (SLy) and soft(APR2), and the results are both for GR and STT. As one can see, indeed there is a degeneracy between effects coming from the presence of scalar field or from varying the EOS. In the right panel, the effects of the mass and self-interaction are also clearly visible. Although both of them independently suppress scalarization, the ∼ ϕ 4 term retains the position of the bifurcation points of the massless STT without self-interaction (red dashed line), while the ∼ ϕ 2 decreases the distance between them. The latter means that even for big values for λ, i.e. highly suppressed scalarization, we will have a wider range of central densities for which scalarization can occur contrary to massive case. Further discussion can be found in [30] .
B. Normalized moment of inertia -compactness relations
Here we will investigative the universality in normalized moment of inertia -compactness relations, suggested for the first time in [67] , and extensively studied by Breu and Rezzolla [61] in GR and Staykov et al. [62] in f (R) gravity and massless STT.
In Fig. 2 we are plotting the normalized moment of inertia I ≡ I/(MR 3 ) as a function of compactness M/R in GR and in STT with fixed β = −6 and various sets of values (m ϕ , λ) . The results show quite good EOS universality for fixed (m ϕ , λ). For large compactnesses M/R the deviations from GR, due to scalarization effect, are larger than the EOS uncertainty, e.g. NS for massive STT with compactness M/R 0.25 separate from massive STT with self-interaction λ = 0.1 in the same interval.
We are fitting the different theories separately with polynomial fit of forth order, with excluded second and third order terms having the following form
which gives small correction to the natural choice -the linear fit. This form of the fit is suggested for the first time by Lattimer and Schutz [31] , studied further by Breu and Rezzolla [61] and later used by Staykov et al. [62] in alternative theories of gravity.
The numerical values of the fitting coefficients and the corresponding χ 2 estimations of each fit in Fig. 2 can be found in Table I in the Appendix. In the middle panel of the graph we are plotting the relative deviation of the data points from the fitting curve for each theory. We define the deviations as 1 − I/ I fit and for the set of EOS we are using it is below 10% for all theories studied here.
Additionally we present several residual norms for each fit -< L >, the average over all EOSs of all the residuals 1 − I/ I fit ; < L ∞ >, the average over all EOSs of the largest relative deviation between the data and fit; L ∞ , the largest residual across all EOSs. A summary of the values of the various norms for both STT and GR is shown in Table II in the Appendix. The < L ∞ > and L ∞ residual norms of the GR fit are presented in the plot as shaded areas, with the latter one being with lighter colour than the former.
In Fig 3 we present a simplified version of Fig. 2 by fixing one additional free parameter -either m ϕ = 5 × 10 −3 in the left panel or λ = 0.1 in the right panel, and plotting the results when varying the corresponding remaining one. On both figures we observe that when either m ϕ or λ is increased the scalarization effect is suppressed and the results for massive STT with self-interaction fall well within the fit uncertainty of GR and even converge to it.
In Fig. 4 we are using different normalization for the moment of inertia, namely I ≡ I/M 3 . Qualitative this choice for normalization is different from I, as with the increase of compactness I decreases, but otherwise we observe similar behaviour -all the results show quite good universality. For small compactness both STT and GR cluster together and for large compactness (roughly M/R 0.25) the scalarized results deviate non-negligibly from the GR ones. We are using polynomial of the form:
to fit each of the presented cases separately. Visually I looks like the better normalization, compared to I, but in fact this is a misleading artifact of the plot due to the different scales used on the y-axis. Indeed, if one compares the data in the lower plots, which again is the deviation between fit and data, he will find out that for the same set of EOSs it does not exceed 10%. Even more, the residual norms for each normalization (for I are in Table II and for I are in Table  IV) are comparable: the typical average over all EOSs of all residuals per theory is < L > 2%; the average over all EOSs of maximum residual per theory is < L ∞ > 5%; largest residual across all EOS per theory is L ∞ 10%, with the softest (larger compactness M/R) EOS being the major contributors to the largest relative deviations between data and fit. We also include simplified version of Fig. 4 that is Fig. 5 , where the free parameters -m ϕ = 5 × 10 −3 (left) and λ = 0.1(right), are fixed. Qualitative, as in Fig. 3 , the massive STT theories with self-interaction is well enough separated from GR for large compactness and small (m ϕ , λ), but with the increase m ϕ or λ they converge to GR. APR2  APR3  APR4  FPS  WFF1  WFF2  WFF3  BBB2  ENG  MPA1  MS1  MS2  MS1b  GNH3  H3  H4 Let us now comment on the differences with the GR case. In each of the Figs. 2-5 in the bottom panel the relative deviation from the GR fit is shown. As one can see, the deviations of the scalarized models are clearly larger than the equation of state uncertainty reaching up to 20%. We should note, that this is only for the moderate chosen values of the parameters. For even smaller β these deviations can increase considerably. That is why the universal relations can be potentially used to constrain observationally the massive STT with self-interaction. On the other hand, as the intuition from building equilibrium models also shows [30] , even for very small β there exist a range of parameters, typically for higher λ, where the models are still scalarized for a large range of central energy densities, but the properties of the neutron stars and the corresponding universal relations are almost indistinguishable for GR.
IV. CONCLUSION
The study of universal relations between NS parameters is appealing for the prospects to provide us with powerful tool to determine difficult to obtain parameters of the stars. For example, while the mass and the moment of inertia can be measured with good accuracy, the optical measurement of the radius depend on different factors, like the redshift, the distance to the star, the effect of the atmosphere, the absorption in the interstellar space, etc. [31] . Such relations can helps us overcome the large uncertainty in the EOS and allows us to establish uniquely the star parameters, and as a result help us to accurately test alternative theories of gravity against GR.
The current state-of-the-art observations of M, I and R make them the natural choice for forming universal relations, as they can be measured with good accuracy for binary systems. Our study shows that using I/(MR 2 ) or I/M 3 as functions of compactness leads to quite good universality in agreement with [61, 62] not only for GR, but for all examined classes of STT, and for our set of EOS. The deviations, per theory, is not higher than 10% for both studied normalisations, with the largest deviations being for the softer EOS. The differences between the universal relations for scalarized models and the GR ones is clearly larger than the spread of the data due to the EOS uncertainty and it reaches up to roughly 20% for the considered values of β = −6. The difference will naturally increase with the decrease of β. This shows that the considered relations can serve as way to constraint the massive STT with self interaction independently of the EOS uncertainty. APR2  APR3  APR4  FPS  WFF1  WFF2  WFF3  BBB2  ENG   MPA1  MS1  MS2  MS1b  GNH3  H3  H4  ALF2 APR2  APR3  APR4  FPS  WFF1  WFF2  WFF3  BBB2  ENG   MPA1  MS1  MS2  MS1b  GNH3  H3  H4  ALF2 Among the studied subclasses of STT, particularly interesting is the massive case, (β = −6, m ϕ = 5 × 10 −3 , λ = 0), for which we know that the maximum deviation for the moment of inertia can be of order 40%, for the EOS studied in [25] , but for each of the examined normalized relations the deviation from GR is about 10% for the whole interval of compactnesses. We should stress out that although values β −4.5 for massless STT are restricted by the astronomical observations, this is not the case when investigating massive STT for which (β = −6, m ϕ = 5 × 10 −3 , λ = 0) is well within the allowed interval. Moreover, massive STT with self-interaction with large λ admit greater β < 0 with simultaneously exhibiting smaller deviation from GR while scalarization occurs for a large range of central energy densities. Hence one can say that these relations are not only EOS independent, but for a large part of the domain of the chosen STT, theory independent too. 
VI. APPENDIX
In the appendix we will give tables with detailed information about the fits used in the figures. GR:a 0 = 2.103e − 01; a 1 = 7.877e − 01; a 4 = 3.950e + 00; χ 2 r = 4.186e − 05 values for m ϕ and λ. The entries in each cell present for each fit as follows -< L 1 >, the average over all EOSs of all the residuals; < L ∞ >, the average over all EOSs of the largest relative deviation between the data and fit; L ∞ , the largest residual across all EOSs. Only the GR < L ∞ > and L ∞ are included in Fig. 4 as shaded areas.
